A two-dimensional potential flow in an unbounded domain with two parallel plates is considered. We examine whether two free point vortices can be trapped near the two plates in the presence of a uniform flow and observe whether these stationary point vortices enhance the force on the plates. The present study is an extension of previously published work in which a free point vortex over a single plate is investigated. The flow problem is motivated by an airfoil design problem for the double wings. Moreover, it also contributes to a design problem for an efficient wind turbine with vertical blades. In order to obtain the point-vortex equilibria numerically, we make use of a linear algebraic algorithm combined with a stochastic process, called the Brownian ratchet scheme. The ratchet scheme allows us to capture a family of stationary point vortices in multiply connected domains with ease. As a result, we find that stationary point vortices exist around the two plates and they enhance the downward force and the counter-clockwise rotational force acting on the two plates.
Introduction
Numerous researchers have suggested that the lift on an airfoil can be enhanced by trapping vortex structures around its wing. A well-known realization of this idea is a delta wing, in which an additional lift is generated by placing a rolled-up vortex sheet separated from its leading edge (Hummel 1978) . Another example is known as 'Kasper airfoil' (US patent no. 3831885) , which is an airfoil design of a high aspect ratio wing with a flap proposed by Kasper (1974) . Kasper discussed a possibility to gain the lift by entrapping a free vortex around the wing. This concept was experimentally confirmed by Walton (1974) and Kruppa (1977) and found that it was not an easy task to maintain vortices around the wing stably. On the other hand, Rossow (1978) demonstrated that it was possible to keep a spanwise vortex line coupled with an axial flow along its core on the wing with a vertical flap.
In real viscous flows, even if the lift is enhanced by trapping vortices thanks to a flap, the increase of the drag is inevitable owing to the presence of the flap. Hence one would like to reduce the size of the flap as small as possible to reduce . (a) A canonical annulus {z ∈ C|r < |z| < 1} in the complex z-plane. (b) A doubly connected exterior domain D z with two parallel plates that are separated by the distance 2s and inclined at the angle f to the real axis. The conformal mapping z = g(z) maps the boundaries of the annulus to the two slits of the exterior domain. The two point vortices located at a 1 and a 2 on the annulus are mapped to those at w 1 = g(a 1 ) and w 2 = g(a 2 ) in D z , respectively. The two points on the unit circle, z 1 and z 2 , are mapped to the trailing edge z 1 = g(z 1 ) and the leading edge z 2 = g(z 2 ) of the right plate. The edges z 3 , z 4 of the left plate are the images of the two points z 3 and z 4 on |z| = r in the annulus.
the drag. To deal with this problem, Saffman & Sheffield (1977) proposed a twodimensional analytic model describing a free point vortex over a flat plate without any flap in the presence of a uniform flow, in which they showed the existence of stationary point vortices above the plate. Not only the stationary point vortices enhance the lift on the plate, but some of them are also stable with respect to two-dimensional disturbances.
On the other hand, Saffman & Sheffield (1977) pointed out that no stationary point vortex was obtained, if the Kutta condition was imposed at both the leading edge and the trailing edge simultaneously. To resolve this problem, two extensions of the analytic model have been made. Huang & Chow (1982) considered a point vortex over the Joukowski wing instead of the flat plate. Since the wing has no sharp leading edge, it is sufficient to impose the Kutta condition only at the trailing edge. Another extension was given by Mourtos & Brooks (1996) . They considered a vortex-sink over a flat plate, which is a two-dimensional model of a spanwise vortex line with an axial flow. In this case, the stationary vortex-sink is uniquely determined even if the Kutta condition is considered at both the leading and the trailing edges. At any rate, all studies suggest the existence of stationary vortex structures enhancing the lift over the single wing in the uniform flow.
In the present paper, we consider the incompressible and inviscid flow in an unbounded plane as in figure 1b, in which two plates to be of equal length and slanted at the same angle f to the x-axis are embedded. The centrepoints of the two plates are separated by the distances ±s from the origin. Identifying the unbounded plane with the complex z-plane, we refer to the exterior domain with the two parallel plates as D z . Suppose that there exist a uniform flow of speed U parallel to the real axis and two point vortices of respective strengths k 1 and k 2 in the domain. If needed, we can also add circulations around the plates of strengths G 1 and G 2 , respectively.
The present study is a geometric extension of the work by Saffman & Sheffield (1977) to a doubly connected domain, which is an airfoil model of the double wings. Moreover, it is also regarded as a two-dimensional model of a wind turbine, which is a wind-powered electronic generator with vertical two long blades. See the webpage at http://en.wikipedia.org/wiki/Vertical-axis_wind_turbine for a description of vertical axis wind turbines. When the uniform flow blows into these blades, it creates a rotational force on the blades, by which the electronic power is generated. With the same concept as the Kasper airfoil, we expect that stationary vortex lines attached to the blades enhance the rotational force. Thus it is important to find stationary configurations of the two point vortices around the two plates in the presence of the uniform flow and to investigate how the stationary point vortices enhance the force acting on the two plates.
The equations we need to solve in the present problem are described in terms of elliptic functions, because the flow domain with the two plates is a doubly connected domain. This poses some difficulties in solving for an equilibrium by numerical means; thus we introduce a simple linear algebraic approach called the Brownian ratchet scheme. The numerical scheme was originally developed by Newton & Chamoun (2007) to obtain point-vortex equilibria in the plane. We show that the numerical method is successfully applicable to the present problem.
The paper consists of six sections. In §2, we give a mathematical description of the flow problem following the calculus given by Crowdy (2010) . After explaining how to apply the Brownian ratchet scheme to the present problem in §3, we introduce in §4 a rigid rod model in order to discuss the force acting on the two plates. In §5, we show some examples of stationary point vortices around the plates and observe how these point-vortex equilibria enhance the force on the plates. The final section is the conclusion and discussion.
Mathematical formulation
Solving the flow problem is a straightforward application of the calculus presented by Crowdy (2010) . Let us first consider the annulus {z ∈ C|r < |z| < 1} in the complex z-plane (figure 1a). This is a canonical doubly connected domain, for which explicit representation of the complex potential, say W (z), is available. Then, constructing the conformal mapping z = g(z) from the annulus to the slit domain D z , we obtain the required complex potentials by W (g −1 (z)), because the complex potential is conformally invariant.
The conformal mapping from the annulus to D z is represented explicitly by the following form (Crowdy & Marshall 2006) :
in which c ∈ R and A ∈ C are two parameters to be determined. The function K (z, r) is defined by
in which P(z, r) is an elliptic function given by
and P z (z, r) denotes the derivative with respect to the first argument. Note that the present form of g(z) ensures that the two points z = − √ r and √ r in the annulus are mapped to 0 and ∞ in the domain D z , respectively. The boundaries of the annulus are also mapped to two equal size plates both of which are inclined at the same angle for all values of the parameters. The modulus of the multiplicative constant A can be chosen so that the plates are both unit length and their midpoints are centred on the real axis. With A determined in this way, the map depends on two parameters r and c. These can be chosen so that the two plates are centred at the specified distance s from the origin and slanted at the specified angle f. It is easy to find these parameters numerically through a Newton method for given s and f. Hence, the distance s > 0 and the inclined angle 0 < f < p/2 are the parameters we can choose freely in the present problem. Suppose that two point vortices of strengths k 1 and k 2 are located at a 1 (t) and a 2 (t) at time t in the annulus. We note that the rotational direction generated by the point vortex is counter-clockwise when its strength is positive and vice versa, which is opposite from what Saffman & Sheffield (1977) used. Then the instantaneous complex potential in the annulus that describes the uniform flow of speed U and the two point vortices around the plates with circulations G 1 and
and
where
Here, g * denotes the complex conjugate of g ∈ C. The complex potentials W U and W G represent the uniform flow and the flow due to circulation bound to the plate, whose explicit representations are derived by Crowdy (2006) . The second term W V is the complex potential for the two point vortices, which is derived from the general form of the complex potential for a point vortex in multiply connected circular domains (Crowdy & Marshall 2005) . The complex potential W 0 represents a point vortex located at z = √ r with the strength −k 1 − k 2 . Thanks to the complex potential W 0 , the branches of the logarithmic functions W V (z, t) and W 0 (z) coincide and they join a 1 (t), a 2 (t) and √ r in the annulus D z .
Consequently, they do not cross the boundaries of the annulus. Since z = √ r is mapped to the infinity of D z by the conformal mapping (2.1), the circulations around the two plates due to the point vortices become zero in D z .
The derivative of the complex potential W (z) induces the complex conjugate of the velocity field, i.e. dW /dz = u − iv, in which (u, v) 
The interaction between the two point vortices in the annulus is derived from the explicit representation of the N -vortex problem in multiply connected circular domains given by Sakajo (2009) , according to which the two point vortices induce the conjugate velocity field
(2.6) at the position of the first point vortex, and
(2.7) at the position of the second point vortex. Consequently, the equation of motion of the two point vortices a m (t) in the annulus is given by
On the use of Routh's correction, we modify the equation with the conformal mapping z = g(z) (Saffman 1992) . Thus, the equation of motion for the two point vortices at w m = g(a m ) in the slit domain D z is given by
Hence, the point vortices at w 1 and w 2 in the domain D z are stationary when the pre-image point vortices at a 1 and a 2 in the annulus satisfy
In order to avoid a velocity singularity, we need to impose the Kutta condition at the edge of the plate. Let z 1 , z 2 , z 3 and z 4 represent the locations of the trailing edges and the leading edges of the two plates in D z . Their pre-images at the boundaries of the annulus D z are denoted by z m , namely they satisfy g(z m ) = z m . See figure 1a,b for their configurations. Note that z m and z m are well defined by the conformal mapping for 0 < f < p/2, because the pre-image do not lie on the imaginary axis. Then the Kutta condition at z m is described by
(2.10) It provides us with an additional real equation. Note that it is sufficient for us to consider the Kutta condition in terms of the imaginary part, because the normal condition on the two concentric boundaries of the annulus is automatically satisfied by the condition.
Plugging (2.2)-(2.7) into the conditions (2.9) and (2.10), we have the equations to be solved. The two point vortices at a 1 and a 2 are stationary, if they satisfy
which correspond to four real equations. Let us note that the number of the real unknowns in the present problem is eight, which are the locations of the two point vortices a 1 , a 2 ∈ C, their strengths k 1 , k 2 ∈ R and the circulations G 1 , G 2 ∈ R around the two plates. Hence, one can consider the Kutta condition at four edges to make the number of the equations the same. On the other hand, the existence of a vortex equilibrium satisfying the Kutta conditions at sharp edges is a subtle issue. For instance, Zannetti (2006) pointed out that, in some cases, no pointvortex equilibrium is found when the Kutta condition is imposed at a certain edge. In the present problem, as we see in Saffman & Sheffield (1977) , no vortex equilibrium exists when we consider the Kutta condition at all edges of the plates simultaneously. Thus, we consider the Kutta conditions at three edges. There are four possibilities to choose three edges out of the four, but there is no particular reason which to choose from a physical point of view. In principle, it is necessary to consider all choices of three edges, if we want to find optimal configurations of point-vortex equilibria that enhance the force better. However, in the present paper, we impose the Kutta conditions at the three edges z 1 , z 2 and z 3 as a test case, which are explicitly described as follows:
The equations (2.11)-(2.15) are the seven real nonlinear equations for the eight unknowns a 1 , a 2 , k 1 , k 2 , G 1 and G 2 for a given speed of the uniform flow U . Consequently, solutions of the nonlinear equations form a one-dimensional family of the point-vortex equilibria, which will be examined by numerical means.
Numerical methods
The nonlinear equations (2.11)-(2.15) can be solved numerically with a standard Newton-Raphson method in principle, but we introduce a simpler linear algebraic approach, called the Brownian ratchet scheme. Let us regard the speed of the uniform flow U as a real unknown at the moment, whose value is properly determined to obtain a unique solution later. Then the equations depend linearly on the speed of the uniform flow U , the vortex strengths k 1 , k 2 , and the roundplate circulations G 1 , G 2 , when the locations of the two point vortices a 1 and a 2 are fixed. Therefore, for a given configuration of the two point vortices, the equations (2.11)-(2.15) can be regarded as a linear equations Ax = 0 for the 7 × 5 matrix A and 
is represented by
in which the two functions F (z) and K(z 1 , z 2 ) are defined by
Since all components of the matrix A are computable once the positions of the two point vortices a 1 and a 2 in the annulus are provided, we call the matrix the configuration matrix for a 1 and a 2 . In general, the matrix A is not rank deficient when we choose the locations of the point vortices arbitrarily. However, if we could find the locations of the two point vortices for which the configuration matrix A satisfies det(A T A) = 0, then the matrix would be rank deficient and it has a nontrivial null-space. Moreover, the linear basis for the null-space of A is obtained by the singular value decomposition of the configuration matrix (Trefethern & Bau 1997) . That is to say, we solve the linear equations,
in which s 1 ≥ s 2 ≥ · · · ≥ s 5 ≥ 0 are the singular values, and u i and v i are the left and the right singular vectors corresponding to the singular value s i . In the Brownian ratchet scheme, we look for locations of two point vortices whose configuration matrix has a one-dimensional null-space, i.e. s 4 = 0 and s 5 = 0. Then the right singular vector v 5 to the zero singular value s 5 is the linear basis of a one-dimensional null space for the linear equation Ax = 0, namely x ∈ Span v 5 . In order to obtain a unique solution for the linear equation, the vector x in the null space is normalized so that its first component U becomes the unity. The normalization is appropriate, because the speed of the uniform flow can be chosen as U = 1 without loss of generality. Here is the description of the Brownian ratchet scheme:
Step 1. (Initialization). We give an initial guess a 1 and a 2 for the positions of two point vortices, and compute the smallest singular value s 5 of the configuration matrix for a 1 and a 2 . Then we set s min = s 5 .
Step 2. Repeat the following steps until s min gets smaller than 1.0 × 10 −13 :
-let the two points move freely with the Gaussian random walk of the variance s min to obtain new points atã 1 andã 2 ; -we compute the smallest singular values 5 of the configuration matrix forã 1 andã 2 ; and -ifs 5 ≤ s min then we renew the locations of the two points, i.e. a 1 =ã 1 and a 2 =ã 2 , and reset the variance of the Gaussian random walk to s min =s 5 . Otherwise, we discard the trial.
Step 3. If converged, the Brownian ratchet scheme ensures that the smallest singular value of the configuration matrix for a 1 and a 2 is less than 1.0 × 10 −13 . Thus, the two point vortices located at a 1 and a 2 become an equilibrium. Moreover, each component of the normalized right singular vector corresponding to s min gives the speed of the uniform flow U = 1, the strengths of the point vortices k 1 , k 2 and of the round-plate circulations G 1 , G 2 , respectively.
In the first step of the algorithm, we must choose the initial guess for the positions of two point vortices so that the smallest singular value of the configuration matrix becomes as sufficiently small as possible. Indeed, the Brownian ratchet scheme hardly converges when the two point vortices are set randomly in the annulus. This is because the annulus is mapped to the unbounded domain D z with the two slits by the conformal mapping g(z), and so it is less probable for the two point vortices to be located in the neighbourhood of the fixed configuration. Thus, we search the initial guess near the leading edges and the trailing edges of the two plates in the following way.
Considering a circle of a small radius e m around the pre-image z m of the edge, we generate a set of K × L grid points b (m) = {b
Since the centre of the circle z m is on the boundary of the annulus, some grid points are located outside the annulus. Since these grid points are not mapped in D z by the conformal mapping, we remove them from the set b (m) . Then, we consider the four pairs of the sets of grid points that are mapped around the edges of the two plates by the conformal mapping, say (
) and (b (1) , b (4) ), from which we choose the initial guess of the Brownian ratchet scheme.
Let us describe how to choose the initial guess of the Brownian ratchet scheme from the sets (b (1) , b (3) ) for instance. The initial guess for the other cases is also obtained in the same way. For fixed k, we compute the smallest singular values, say s 
Repeating this procedure for k = 1, . . . , K , we obtain K initial guesses for the Brownian ratchet scheme. In the present numerical computation, for s = 0.6, the value of the radius in (3.1) is given by e m = 0.85 × (1 − √ r) for the trailing edges are generated with K = 150 and L = 300. Figure 2a shows a family of point-vortex equilibria for s = 0.6 and f = 0.8 computed by the Brownian ratchet scheme starting with the initial guesses chosen from the grid points in (b (2) , b (3) ). We observe that the stationary two point vortices form two continuous loci. One locus lies behind the left plate and the other locus reaches the leading edge of the right plate, whose enlarged plots are shown in figure 2b ,c, respectively. We draw the symbols circle and square at both endpoints of the loci to see the correspondence of the two stationary point vortices, which indicate that the pair of the fixed point vortices moves continuously along the loci from the configuration of the circle symbols to that of the square symbols. Let us note that the square symbols are just drawn for the sake of convenience and they are not true endpoints of the loci. The loci can be extended beyond the square points if we take different initial guesses. The enlarged plots also show that the distribution of the point vortices in the loci is non-uniform, which is due to the stochastic nature of the Brownian ratchet scheme. As we see in §5, since all loci obtained in the present paper are connected to the edge of the right plate, we make use of the arclength of the right locus measured from the edge as a parameter to identify the location of the point-vortex equilibria in the loci and to describe numerical results.
Forces on the two plates
Let C 0 : |z| = 1 and C 1 : |z| = r denote the two boundaries of the annulus D z . Then the force (F (m)
y ) acting on the two plates g(C m ) in the doubly connected slit domain D z is obtained by using the Blasius formula:
a rigid 'rod' Figure 3 . A rigid rod model of the forces acting on the two parallel plates.
which is computed numerically by the trapezoidal rule.
Here we propose a rigid rod model to discuss the force acting on the two plates, in which we assume that the centrepoints of the two plates are connected by an infinitely thin rigid rod along the x-axis. We also assume that the forces F (0) and F (1) act at the centrepoints of the two plates, which are the endpoints of the rigid rod. See figure 3 for a schematic of the model. Then decomposing the components of F (0) and F (1) in the x-and y-directions, we define the following four forces:
is the lift in the y-direction, which represents an upward force if F L > 0 and a downward force if
y rotates the rod in the counter-clockwise direction for F R > 0 and the clockwise direction for
represents the drift force in the x-direction, which is a downstream force for F D > 0 and an upstream force for F D < 0; and
is the force between the two parallel plates, which is repulsive for F I > 0 and attractive for F I < 0.
In the present paper, we are interested in the lift F L and the rotational force F R in particular, since they are important in the application of the double wings and the wind turbine with vertical blades. We compute the forces by using the point-vortex equilibria with the strengths k 1 , k 2 and the round-plate circulations G 1 , G 2 , which are denoted by F R . In principle, the values of the round-plate circulations can be arbitrarily chosen if there exists no stationary point vortex, but we keep these values unchanged to observe the force enhancements due to the existence of point-vortex equilibria. Then the differences
R indicate how the stationary point-vortex equilibria change the forces on the rigid rod. 
Point-vortex equilibria and force enhancements
(a) Fixed point vortices for s = 0.6 and f = 0.8
Let us first consider a case when the distance between the two plates is s = 0.6 and their inclined angle is f = 0.8, for which we compute the point-vortex equilibria and observe how they enhance the lift and the rotational force acting on the two plates. The loci of the point-vortex equilibria for this case have been plotted in figure 2a . Figure 4 shows their corresponding point-vortex strengths k 1 , k 2 and the round-plate circulations G 1 , G 2 , respectively. The initial guesses of the Brownian ratchet scheme are picked up from (b (2) , b (3) ). The point-vortex strengths and the round-plate circulations in figure 4 are parametrized by the arclength of the right locus. As the point vortex in the right locus is away from the leading edge, its strength k 1 monotonically increases from zero and the circulation G 1 around the right plate decreases and becomes negative. On the other hand, both the vortex strength k 2 in the left locus and the circulation G 2 around the left plate are positive, while k 2 attains the minimum and G 2 does the maximum when the point vortex in figure 2b is located at the turning point in the middle of the left locus. Figure 5a ,b shows the lifts F
and DF L , and the rotational forces F R > 0 is counter-clockwise. On the other hand, we observe DF L < 0 and DF R > 0 for all the equilibria due to F
R . This indicates that the downward force and the counter-clockwise rotation are enhanced by the existence of the point-vortex equilibria. The maximum enhancement of the downward force and the rotational force is attained when the point vortex in the right locus is located at the farthest point from the leading edge, which corresponds to the vortex pair represented by the square symbols in figure 2b,c. We compute the loci of the point-vortex equilibria for s = 0.6 and f = 0.8 when the Brownian ratchet scheme starts with the other initial guess. Figure 6a -c shows the loci of the point-vortex equilibria for the initial guesses taken from (
), respectively. Their corresponding vortex strengths and the round-plate circulations are plotted in figure 6d-f. For the loci of figure 6a, one locus is connected to the trailing edge of the right plate, while the other small locus lies behind the left plate. Figure 6d indicates that the strength k 1 of the point vortex in the right locus is positive and increases as the point vortex goes away from the trailing edge. The strength k 2 of the point vortex in the left locus is always larger than that in the right locus. The round-plate circulations satisfy G 1 < 0 < G 2 . Regarding the loci of the point-vortex equilibria in figure 6b ,c, the right locus joins the edge of the plate, whereas the left locus is located far beneath the leading edge of the plate. Both the vortex strengths and the round-plate circulations satisfy 0 < k 1 < k 2 and G 2 < G 1 as we see in figure 6e,f. Figure 7a ,b are the plots of the lift enhancement DF L and the rotational force enhancement DF R computed for the point-vortex equilibria shown in figure 6. They indicate that the point-vortex equilibria enhance the downward force and the counter-clockwise rotation for all cases, since we have DF L < 0 and DF R > 0. The force enhancements due to point-vortex equilibria are qualitatively similar regardless of the choice of the initial guess. Thus, in the following section, we focus on the point-vortex equilibria for the initial guesses chosen from (b (1) , b (3) ) and (b (2) , b (3) ). These cases are of particular significance, because they yield the stationary point vortices entrapped behind the two plates.
(b) Fixed point vortices for s = 0.6 and various f
We change the inclined angle f of the two plates separated by the fixed distance s = 0.6. We observe how the loci of the point-vortex equilibria change with respect to f when the initial guesses of the Brownian ratchet scheme are chosen from the grid points in (b (2) , b (3) ). Figure 8b shows a series of the loci connected to the leading edge of the right plate for f = 0.4, 0.5, . . . , 1.0, while their corresponding 
( f ) Figure 6 . Loci of the point-vortex equilibria for s = 0.6 and f = 0.8 computed by the Brownian ratchet scheme for the initial guesses chosen from (a) (
In each plot, the left small locus is surrounded by the rectangle to locate it easily and its enlarged plot is also shown on the right of the figure. Their corresponding vortex strengths k 1 (solid lines), k 2 (dashed lines) and the round-plate circulations G 1 (dashed-dotted lines), G 2 (dotted lines) are plotted in (d), (e) and (f ), respectively.
loci behind the left plate and their enlarged plots are shown in figure 8a . As f increases, the right locus moves with the plate and its profile remains similar. On the other hand, the left locus moves in the negative x-direction up to f = 0.7, and then it goes back in the positive x-direction for f ≥ 0.8. For f ≥ 1.2, the Brownian ratchet scheme provides us with another series of point-vortex equilibria. The left loci with their enlarged plots and the right loci for f = 1.2, 1.3, 1.4 are shown in figure 9a ,b, respectively. The right locus tends to lie along the right plate, while the left small locus is away from the left plate as f increases. We plot in figure 10a ,b the force enhancements DF L and DF R evaluated for the loci shown in figures 8 and 9, respectively. Since we observe DF L < 0 and DF R > 0 in both cases, the downward force and the counter-clockwise rotation are enhanced by the stationary point vortices. Figure 10a shows that, for the loci in figure 8 , the enhancement of the downward force becomes stronger as the right point vortex gets away from the leading edge for all f. The enhancement of the rotational force becomes the maximum when the right point vortex is at the leading edge for f ≤ 0.7, whereas it gets stronger as the point vortex is away from the edge for f ≥ 0.8. For the loci in figure 9 , the force enhancements stay almost at same values, which are stronger than those for f = 0.4, . . . , 1.0 as we see in figure 10b . We show the loci of the point-vortex equilibria when the Brownian ratchet scheme starts with the initial guesses in (b (1) , b (3) ). Figure 11a ,b is the loci for f = 0.4, . . . , 1.0 and those for f = 1.2, . . . , 1.4, respectively. In both cases, the right locus joins the trailing edge of the plate. On the other hand, the left small locus moves clockwise for f = 0.4, . . . , 1.0, whereas it moves away from the plate for f = 1.2, . . . , 1.4 as f increases. The force enhancements due to the pointvortex equilibria are downward and counter-clockwise, i.e. DF L < 0 and DF R > 0, as plotted in figure 12a for f = 0.4, . . . , 1.0 and in figure 12b for f = 1.2, . . . , 1.4. As f gets larger, we have stronger force enhancements of the downward force and the counter-clockwise rotation. 
(c) Fixed point vortices for various s
Let us now fix the inclined angle f = 0.8 and change the distance s of the two plates. Figure 13a shows the loci of the point-vortex equilibria for s = 0.6, 0.8 and 1.0, which are obtained by the Brownian ratchet scheme for the initial guesses chosen from (b (2) , b (3) ). Both of the loci move in the same direction as the two plates. The profile of the right locus connected to the trailing edge is unchanged, while the arclength of the left locus gets smaller. As a matter of fact, it gets harder to obtain the point-vortex equilibria with the Brownian ratchet scheme for larger s. This is because, as s → ∞, the interaction between the two plates gets weaker and thus the flow profiles in the neighbourhood of these two plates become independent with each other. Consequently, the flow around the right plate tends to that around a single plate with the Kutta conditions to be imposed at its leading and trailing edges simultaneously, for which there is no vortex equilibrium around the plates as discussed in Saffman & Sheffield (1977) . On the other hand, since the flow profile in the vicinity of the left plate tends to what Saffman & Sheffield (1977) considered as s → 0, we expect the convergence to the locus attached to the trailing edge of the left plate. However, we have obtained no left locus like this for the initial guess of the Brownian ratchet scheme explained in §3. It may be possible to obtain such a left locus when we use a different procedure to choose initial guess of the Brownian ratchet scheme, which will be confirmed elsewhere in the near future. The force enhancements due to the point-vortex equilibria are plotted in figure 13b , which indicates that the downward force and the counter-clockwise rotation are enhanced. We have stronger force enhancements for larger s, but these point-vortex equilibria hardly exist as s increases.
Conclusion and discussion
We have considered a potential flow in a two-dimensional unbounded domain with two parallel plates, in which we search stationary configurations of two point vortices around the plates in the presence of the uniform flow. We solve numerically the equations for the point-vortex equilibria with the Kutta condition imposed at the edges of the plates, which are described in terms of the elliptic functions. As the numerical method, we have proposed a linear algebraic algorithm with the Brownian random walk, called the Brownian ratchet scheme. The numerical algorithm allows us to compute the loci of the point-vortex equilibria in the doubly connected domain effectively. The geometric parameters are the distance (s) between the two plates and their inclined angle (f). When the distance is s = 0.6, we obtain the two series of the loci of the point-vortex equilibria for f = 0.4, . . . , 1.0 and for f = 1.2, . . . , 1.4, in which one locus is connected to the edge of the right plate and the other locus exists between the two plate. Furthermore, introducing the rigid rod model, the force acting on the two parallel plates is investigated, which shows that the downward force and the counter-clockwise rotation are enhanced by all the point-vortex equilibria obtained in the present paper. The force enhancements tend to be larger as the inclined angle f tends to be vertical. We also observe that the force enhancements get stronger as the distance s increases, although the point-vortex equilibria hardly exist for large s.
Let us discuss possible future extensions of the present study. First, it is important to investigate the stability of the point-vortex equilibria. However, once the stationary point vortices are perturbed, we need to generate more point vortices from the trailing edges so that the Kutta condition is satisfied for all time. Second, it is possible to consider stationary configurations of two vortexsinks around the two plates as Mourtos & Brooks (1996) . Finally, the present study suggests that the point-vortex equilibria enhance the rotational force on the two parallel plates. However, the conclusion is partial when one wants to apply it to the design problem for the efficient wind turbine with the vertical multiple blades, because we assume that the configuration of the two plates is just parallel and the Kutta condition is imposed at the three edges z 1 , z 2 and z 3 . There may be other optimal configurations of the two plates with stationary point vortices enhancing the rotational force more effectively if we consider the Kutta condition at different edges or we change the configuration of the two plates more flexibly. In order to change the configuration of the two plates arbitrarily, we need to construct the conformal mapping from the canonical annulus to the target domain. However, we must note that the Brownian ratchet scheme presented in this paper still works. These extensions will be reported in the future.
